Summary. We report empirical studies on the personal income distribution, and clarify that the distribution pattern of the lognormal with power law tail is the universal structure. We analyze the temporal change of Pareto index and Gibrat index to investigate the change of the inequality of the income distribution. In addition some mathematical models which are proposed to explain the power law distribution are reviewed.
Introduction
A study of the personal income distribution has important meaning in the econophysics, because the personal income is a basic ingredient of the economics.
The study of the personal income has long history and many investigations have been done. The starting point is about one hundred years ago when V. Pareto proposed the power law distribution of the personal income (Pareto 1897). He analyzed the distribution of the personal income for some countries and years, and found that the probability density function p(x) of the personal income x is given by p(x) = Ax −(1+α) ,
where A is the normalization constant. This power law behavior is called Pareto law and the exponent α is named Pareto index. This is a classic example of fractal distributions, and observed in many self-organizing systems. If Pareto index has small values, the personal income is unevenly distributed. Some examples of Pareto index are summarized in Table. 1 (Badger 1980) . However, it is well known that Pareto law is only applicable to the high income range. It was clarified by R. Gibrat that the distribution takes the form of the lognormal in the middle income range (Gibrat 1931) . As is well known, in this case, the probability density function is given by
where x 0 is a mean value and σ 2 is a variance. Sometimes β ≡ 1/ √ 2σ 2 is called Gibrat index. Since the large variance means the global distribution Table 1 . Examples of Pareto index α for some countries and years (Badger 1980 of the income, the small β corresponds to the uneven distribution of the personal income. The lognormal distribution with power law tail for the personal income is rediscovered by Badger (1980) and Montroll and Shlesinger (1980) 1 . Those investigations were performed for the 1935-36 U.S. income data, and confirmed that the top 1% of the distribution follows Pareto law with α = 1.63, and the other follows the lognormal distribution with x 0 = $1, 100 and β = 2.23. The distribution is shown in Fig. 1 . In this figure, we take the horizontal axis as the logarithm of the income with the unit of dollars, and the vertical axis as the logarithm of the cumulative probability P (x ≤). The cumulative probability is the probability finding the person with the income greater than or equals to x, and defined by P (x ≤) ≡ ∞ x dyp(y) in the continuous notation. In other words the cumulative probability is the rank normalized by the total number of individuals. In this figure the dashed line and the thin solid line are the fitting of the power law and the lognormal functions respectively.
From the age of J.J. Rousseau, one of the subject of the social science is the theory of the inequality. Many indexes specifying the unevenness of the income distribution have been proposed in the economics. Among them, Gini index is well known and frequently used. Although Gini index is a useful measure of the uneven distribution, this index has no attraction from the physical point of view. This is because the manipulation deriving Gini index hides the mechanism explaining the distribution of the personal income.
Though many investigations of the personal income distribution have been performed, data sets are all old. Hence to reanalyze the income distribution by the recently high quality data is meaningful. In a previous article (Aoyama et al. 2000 and see the chapter by H. Aoyama, this volume), we analyzed the personal income distribution of Japan in the year 1998, and clarified that the high income range follows Pareto law with α = 2.06. However, this analysis is incomplete for the middle income region, because the data set for this region is sparse. Hence, the firstly we gain the overall profile of the personal income distribution of Japan in that year. In addition we perform same analysis for the Japanese personal income in another years, and compare them with the result of Badger (1980) and Montroll and Shlesinger (1980) . From these studies we deduce the universal structure of the personal income distribution.
Secondly we focus on the temporal change of α and β 2 . Although these indexes have been estimated in many countries and many years as shown in Table. 1, the succeeding change of these indexes is not well known. Hence the investigation of the temporal change of these indexes has important meaning.
Lastly we review models based on the stochastic process explaining the power law distribution. Though these models have not been developed to explain the personal income distribution, the useful information is contained.
Universal structure of the personal income distribution
To obtain the overall profile of the personal income distribution of Japan in the year 1998, we use three data sets; income-tax data, income data and employment income data.
The income-tax data is only available for the year 1998. This is a list of the 84,515 individuals who paid the income-tax of ten million yen or more in that year.
The income data contains the person who filed tax return individually, and a coarsely tabulated data. We analyze this data over the 112 years 1887-1998 in this article. The data is publicly available from the Japanese Tax Administration (JTA) report, and the recent record is on the web pages of the JTA.
The employment income data is the sample survey for the salary persons working in the private enterprises, and does not contain the public servants and the persons with daily wages. This data is coarsely tabulated as same as the income data. We analyze this data over the 44 years 1955-98 in this article. This is publicly available from the JTA report and recent record is available on the same web pages for the income data. The distribution is recorded with the unit of thousand people from the year 1964.
To gain the overall profile of the personal income distribution, we connect these data sets with following rules.
1. We use adjusted income-tax data in the range 50 ≤ x, where x has the unit of million yen. We translate the income-tax t to the income x as t = 0.3x in this range (Aoyama et al. 2000 and see the chapter by H. Aoyama, this volume). 2. We only use the income data in the range 20 ≤ x < 50. This is because all persons with income greater than 20 million yen must file tax return individually under the Japanese tax system from the year 1965. Hence individuals with employment income greater than 20 million yen must file tax return individually, and are counted in the income data. 3. We sum up income data and employment income data in the range x < 20. Although the double counted persons exist, detailed information to remove this ambiguity is impossible.
From these process we have the data for 51,493,254 individuals, about 80% of all workers in Japan. The distribution for the year 1998 is shown in Fig. 2 . In this figure, we take the horizontal axis as the logarithm of the income with the unit of million yen, and the vertical axis as the logarithm of the cumulative probability. The bold solid line corresponds to the adjusted income-tax data. Open circles emerge from only the income data, and filled circles derived from the sum of the income data and the employment income data. The dashed line and the thin solid line are the fitting of the power law and the lognormal respectively. We recognize from this figure that the top 1% of the distribution follows Pareto law with α = 2.06. On the other hand 99% of the distribution follows the lognormal distribution with x 0 = 4-million yen and β = 2.68. The change from the lognormal to the power law does not occur smoothly, and this is also observed in Fig. 1 . As will be shown later, this discontinuous change is observed for another years.
Although the detailed data for the high income (i.e, income-tax data) is only available for the year 1998, the overall profile of the distribution can be gained from the income data and the employment income data as recognized from Fig. 2 . Moreover the value of α is available from only the income data, open circles in Fig. 2 . Hence the income data should give an idea of the value of α. We use previous rules to gain the overall profile of the personal income distribution for these years.
The distributions for the years 1965, 1975, 1985 and 1995 are shown in Fig. 3 . Solid lines in Fig. 3 are the lognormal fit for the middle income range and dashed lines are the power law fit for the high income range. We recognize that less than top 10% of the distribution is well fitted by Pareto law and greater than 90% of the distribution follows the lognormal distribution. However the slope of each dashed lines and the curvature of each solid lines differ from each other. Hence Pareto index and Gibrat index differ from year to year. The movement of the distribution toward the right direction consists in the increase of the mean income, and is characterized by the change of x 0 . If we normalize the income by the inflation or deflation rate, this movement may be deamplified. However, even if those manipulations are applied, the profile of the distribution is not modified. As stated before the discontinuous change from lognormal to power law are observed for the year 1975, 1985 and 1995 in Fig. 3 . However the reason of this is not known. Although some ambiguities and unsolved problems exist, we can confirm that the distribution pattern of the personal income is expressed as the lognormal with power law tail. This distribution pattern coincides with the result of Badger (1980) and Montroll and Shlesinger (1980) . Hence we can say that the lognormal with power law tail of the personal income distribution is a universal structure. However the indexes specifying the distribution differ from year to year as recognized from Figs. 2 and 3. We therefore study the temporal change of these indexes in the next section.
The temporal change of the distribution
We consider the change of α and β in Japan over the 44 years 1955-98. We have Fig. 4 from the numerical fit of the distribution. In this figure the horizontal axis is the year and the vertical axis is the value of α and β. Open circles and squares correspond to α and β respectively. It is recognized from this figure that these indexes correlate with each other around the year 1960 and 1980. However these quantities have no correlation in the beginning of the 1970s and after the year 1985. In the range where α and β change independently, the strongly changing index is α. Especially β stays almost same value after the year 1985. This means that the variance of the middle income is not changing. From these behaviors of α and β, we can consider that there are some factors causing no correlation between α and β, and mainly effecting to α 3 .
As mentioned previously, α is mainly derived from the income data. Hence the idea of the change of α can be obtained over the 112 years 1887-1998 for the Japanese income distribution. The data analysis derives open circles in Fig. 5 . In this figure the horizontal axis is the year and the vertical axis is the value of α. The mean value of Pareto index isᾱ = 2, and α fluctuates around it. This is worth to compare with the case of the Japanese company size and that of the debts of bankrupt companies (Okuyama et al. 1999 , Aoyama et al. 2000 , and see the chapter by M. Katori and T. Mizuno, this volume). In these cases the distribution follows the power law with α = 1; Zipf's law. Filled squares represent the change of α in U.S. over the 23 years 1914-36 (Badger 1980) . The interesting observation is that the behaviors of α in Japan and that in U.S. almost coincide. 
Mathematical models
The most simple model considered to explain the income distribution is the pure multiplicative stochastic process (MSP). This model is defined by
where a(t) is the positive random variables. Hence if this process is iteratively applied, we have
The logarithm of this equation derives log x(t + 1) = log a(t) + log a(t − 1) + · · · + log x(0).
Thus log x(t + 1) follows the normal distribution, and x(t + 1) does the lognormal one. Though this pure MSP well explain the lognormal distribution, this derives the monotonically increasing variance contrary to the empirical observation shown in Fig. 4 , and fails to explain the power law tail. Some models have been proposed to beyond the pure MSP. It has been shown that boundary constraints and additive noise (Kesten 1973 , Sornette and Cont 1997 , Takayasu et al. 1997 , Sornette 1998 are able to induce the MSP to generate power law. The MSP with boundary constraints is defined by the same equation of the pure MSP. The difference from them consists in constraints: log a(t) < 0, 0 < x m < x(t), where x m is the poverty bound. These constraints express that the net drift to x(t → ∞) → −∞ is balanced by the reflection on the reflecting barrier located at 0 < x m . In this case Pareto index is given by α = 1/(1 − x m ).
The MSP with additive noise is defined by
where a(t) and b(t) are positive independent random variables, and with the constraint log a(t) < 0. In this case Pareto index is given by a α = 1 independently of the distribution of b(t).
The equivalence of these models has been clarified by Sornette and Cont (1997) , and the generalization of them has been given by
where f (x(t), {a(t), b(t), · · ·}) → 0 for x(t) → ∞ and f (x(t), {a(t), b(t), · · ·}) → ∞ for x(t) → 0. The MSP with boundary constraints is the special case
The MSP with additive noise is the special case f (x(t), {a(t), b(t), · · ·}) = log(1 + b(t) a(t)x(t) ). Though these models well explain the emergence of the power law distribution, they are incomplete when we consider the application of them to the personal income distribution. This is because interactions between agents are not included in these models. Hence interacting MSPs are developed by several articles. One is based on so-called 'directed polymer' problem (Bouchaud and Mézard 2000) and the other on the generalized Lotka Voltera model Levy 1996, Biham et al. 1998 ). The former model is proposed to explain the wealth distribution of individuals and companies, and defined by
where η i (t) is a Gaussian random variable of mean m and variance 2σ 2 , which describes the spontaneous growth or decrease of wealth due to investment in stock markets, housing, etc. The terms involving the (asymmetric) matrix J ij (t) describe the amount of wealth that agent j spends buying the production of agent i (and vice versa). Under the mean field approximation, i.e., J ij (t) = J/N , where N is the total number of agents, the stationery solution has the power law tail with α = 1 + J/σ 2 in the limit of N → ∞. It is also clarified that the dependence of α on J/σ 2 is not modified even if we abandon the mean field approximation.
The latter model is defined by x i (t + 1) − x i (t) = [ε i (t)σ i + c i (x 1 , x 2 , · · · , x N , t)] x i (t) + a i j b j x j (t), where ε i (t) are the random variables with ε i (t) = 0 and ε 2 i (t) = 1. Hence the term in the bracket of the LHS first term corresponds to the random variable with mean c i (x 1 , x 2 , · · · , x N , t) and the standard deviation σ i . Here c i express the systematic endogenous and exogenous trends in the returns. The last term in the RHS represents the wealth redistributed, and a i and b i represent the amount of wealth redistributed to the individuals and the contribution of the individuals to the total wealth respectively. If we take σ 2 i = σ 2 , a i = a, b i = 1/N, c i (x 1 , x 2 , · · · , x N , t) = c(x 1 , x 2 , · · · , x N , t) and N → ∞, the stationery solution has the power law tail with α = 1 + 2a/σ 2 , which coincides with the result of previous model. The finite N corrections have also been calculated.
Though these models have not been developed to explain the personal income distribution, the useful information to construct the mathematical models explaining the personal income distribution is contained.
